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Abstract. We present a possible explanation for a recently observed magnetic field induced
charge order in cuprate superconductors (Edkins et al. arXiv:1802.04673 [cond-mat.supr-
con]). We argue that it arises from the reorganization of spin-vortex-induced loop current
(SVILC) pattern due to supercurrent-flow caused by the magnetic field. The reorganization
is from the most stable tiling of 4a × 6a spin-vortex quartets (a is the lattice constant in the
CuO2 plane, and a spin-vortex quartet is stable of unit of spin-vortices that contains four holes,
four spin-vortices, and four SVILCs) to that of 4a× 8a spin-vortex quartets. The consequence
of this reorganization will lead to the enhancement of 8a charge order, and reduction of 6a
charge order. The former is observed in the experiment, but the latter is not confirmed, so far.
However, it may be confirmed if the experimental result is carefully reexamined.
1. Introduction
It is now widely-recognized that the high temperature superconductivity in cuprates (cuprate
superconductivity) cannot be explained by the BCS theory. In order to explain it, a marked
departure form the BCS theory is required.
Spin-vortex-induced loop current theory for superconductivity is a theory developed
to explain the cuprate superconductivity [1, 2, 3, 4]. It is also speculated to be enlarged
to explain the ordinary superconductivity whose superconducting transition temperature is
explained by the BCS theory as well [5]. It explains the persistent current that flows through
superconductors, i.e., a macroscopic current flow through the system without voltage drop. It
also explains the flux quantization in the units h
2e
and the quantization of voltage across the
Josephson junction (so-called ” Shapiro steps”) in the units
h f
2e
, where f is the frequency of
the radiation field present.
The crucial ingredient of this theory is spin-twisting itinerant motion of electrons; if
this occurs the wave function obtained by the requirement of energy minimization becomes a
multi-valued function of electron coordinates due to the appearance of spin-vortices created by
itinerant electrons. It is expected that such electron motion occurs in the cuprate, as explained,
below. In hole-doped cuprate superconductors, bulk-sensitive experiments indicate small
2polaron (pseudo Jahn-Teller small polaron) formation due to strong hole-lattice interaction
[6, 7]. This small polaron formation is suppressed in the surface region where an energy gap
with d-wave pairing profile is observed, due to the absence of the charge layer that covers the
CuO2 plane and stabilizes the polaron. The small polarons in CuO2 planes in the bulk give
rise to the following two important effects.
1. Appearance of an antiferromagnetic exchange interaction between electrons across
the hole occupied sites in the CuO2 plane.
2. Appearance of an internal electric field with the component perpendicular to the CuO2
plane around the hole occupied sites in the CuO2 plane.
The first effect creates a frustration in spins since another well-known antiferromagnetic
exchange interaction exists between electrons in the nearby copper sites; this interaction is
responsible for the antiferromagnetic order in the parent compound. Due to the competition
between the two antiferromagnetic exchange interactions, spin-vortices are created around the
hole occupied sites.
The second effect creates a Rashba spin-orbit interaction when electric current exists;
actually, the spin-vortices mentioned above creates a Dirac string with π flux (singularities of
wave functions with sign-change Berry phase around it) at the centers of spin-twisting and
it creates the required electric current. Since the electric current is in the CuO2 plane and
the internal electric field has a component perpendicular to it, the spin vortices with twisting
components in the CuO2 plane should arise. Over all, spin-vortices and loop currents (we call
them, spin-vortex-induced loop currents (SVILCs)) are created around the hole occupied sites.
A macroscopic supercurrent is generated as a collection of the SVILCs.
In the present work, we first show that the system with SVILCs can have stable current
carrying states under nonzero external current feeding conditions. We may identify that this
state is the superconducting state with supercurrent flowing through it.
Next we consider the charge order in the cuprate. One of the important issues on the
pseudogap phase is the origin of the charge order detected by bulk sensitive experiments,
such as nuclear magnetic resonance (NMR) [8, 9, 10], and resonant inelastic X-ray scattering
(RIXS) [11, 12, 13]. A remarkable point on this charge order is that it is enhanced by
the application of magnetic fields [8, 14, 15]. Recently, a clear magnetic-field induced
charge order is observed by STM in the cuprate vortex halo [16]. We will argue that it is
a consequence of reorganization of spin-vortex induced loop currents by the current flowing.
2. Essence of SVILC theory of superconductivity
We explain the essence of SVILC theory of superconductivity in this section. This theory
explains the stability of current carrying state. Note that such a stability has never been proved
by any theories derived from the BCS one; thus, the SVILC theory is the only microscopic
theory so far that can calculate supercurrent flowing stable states.
3The wave function of superconducting state is given by
Ψ(r1, · · · , rN , t) = Ψ0(r1, · · · , rN)e
− i
2
∑N
α=1
χ(rα) (1)
where ri is the coordinate of the ith electron and N is the number of electrons. Ψ0 is
the wave function obtained by energy minimization. It is multi-valued with respect to
electron coordinates when spin-twisting itinerant motion of electrons occurs. The phase factor
e−
i
2
∑N
α=1
χ(rα) compensates the multi-valuedness of Ψ0 to make Ψ single-valued, where χ is an
angular variable of period 2π.
For the two-dimensional lattice model for the CuO2 plane for the cuprate, single-particle
wave functions are given by
|γ〉 =
∑
j
e−i
χ j
2 [e−i
ξ j
2 D
γ
j↑
c
†
j↑
+ei
ξ j
2 D
γ
j↓
c
†
j↓
]|vac〉 (2)
where j indicates the jth site of the lattice describing the position of copper atom, and c†
jσ
is the creation operator for electron with spin σ at the jth site; ξ j is the angle of spin in
the CuO2 plane at the jth site, and χ j is the value of χ at the jth site; parameters D
γ
j↑
and
D
γ
j↓
are obtained from the Hartree-Fock calculation [3, 4, 17]. The total wave function Ψ is
constructed as a sum of Slater determinants using {|γ〉} as a single-particle wave function basis.
Actually, calculations belowwill be done employing a single Slater determinant wave function
composed of the lowest energy N single-particle states as the many-body wave function.
The multi-valuedness in Ψ0 arises from the phase factors e
±i
ξ j
2 in Eq. (2); when ξ is
transported along a loop Cℓ in the lattice, it shifts as
ξ j → ξ j + 2πwℓ[ξ] (3)
where wℓ[ξ] is the wining number of function ξ for Cℓ given by
wℓ[ξ] =
1
2π
∮
Cℓ
∇ξ · dr (4)
which is written for the lattice system as
wℓ[ξ] =
1
2π
nℓ∑
j=1
(
ξℓ[ j+1] − ξℓ[ j]
)
(5)
where ℓ[ j] is the jth site of Cℓ with ℓ[nℓ + 1] = ℓ[1], and nℓ is the number of sites in Cℓ.
If wℓ[ξ] is odd, it causes the sign-change in e
±i
ξ j
2 ; this effect may be viewed as the
existence of a Dirac string with flux π at the centers of spin-vortices
The phase factor e−i
χ j
2 in Eq. (2) restores the single-valuedness of the wave function by
compensating the sign-change in e±i
ξ j
2 . For that purpose, we impose the following conditions
wℓ[ξ] + wℓ[χ] = Even number for all Cℓ (6)
With above conditions, the phase factors e−i
χ j
2 e±i
ξ j
2 in |γ〉 become single-valued; thus, the total
wave function also becomes single-valued.
In order to impose the condition in Eq. (6), we use the method of Lagrange multipliers
by considering the following functional
F[∇χ] = E[∇χ] +
Nloop∑
ℓ=1
λℓ
(∮
Cℓ
∇χ · dr − 2πwℓ
)
(7)
4where λℓ’s are Lagrange multipliers, {C1, · · · ,CNloop} is the basis of loops (i.e., any loop can be
constructed from them), and E[∇χ] is the energy functional given by
E[∇χ] = 〈Ψ|H[Aem]|Ψ〉 = 〈Ψ0|H
[
Aem −
~
2e
∇χ
]
|Ψ0〉 (8)
with Aem being the electromagnetic vector potential. wℓ’s are parameters that impose the
condition in Eq. (6). Depending on the set of parameters {wℓ}, the current flow pattern of
SVILCs changes. Thus, a variety of current patters are possible by the choice of {wℓ}.
Actually, χ is evaluated through ∇χ obtained as a solution of the following system of
equations;
δF[∇χ]
δ∇χ
=
δE[∇χ]
δ∇χ
+
Nloop∑
ℓ=1
λℓ
δ
δ∇χ
∮
Cℓ
∇χ · dr = 0 (9)
∮
Cℓ
∇χ · dr = 2πwℓ (10)
Since χ and ξ are generally path-dependent multi-valued functions, evaluation of their
values at lattice sites must be carefully done. For that purpose, we introduce cuts of bonds in
the lattice so that there is only one path P1→k that connects the first site and kth site through the
bonds in the lattice without crossing any cuts (of bonds); namely, χk and ξk are given uniquely
as
χk = χ1 +
∫
P1→k
∇χ · dr (11)
ξk = ξ1 +
∫
P1→k
∇ξ · dr (12)
The jump of values across the cuts are 2π multiple of integer for both χ and ξ; thus, multi-
valuedness dose not occur in e−i
χ j
2 e±i
ξ j
2 of |γ〉, making |γ〉 a single-valued.
The total energy does not depend on the value of χ1 since it just affects the overall
constant phase of the wave function. However, the total energy depends on the value of
ξ1 when Rashba interaction exists. As will be shown later, this ξ1 dependence is crucial for
supercurrent generation under external current feeding.
The external current boundary condition is imposed by adding external loops to
functional F as
F[∇χ] = E[∇χ] +
Nloop∑
ℓ=1
λℓ
(∮
Cℓ
∇χ · dr − 2πwℓ
)
+
NEX
loop∑
ℓ=1
λEXℓ
∮
CEX
ℓ
∇χ · dr (13)
where CEX
ℓ
is a external loop that connects a site in the lattice system to another site in the
lattice; one of them is the site for flow-in and the other is for flow-out of the external current.
Note that λEX
ℓ
is not a Lagrange multiplier; it is determined by the direction and magnitude of
the external current through CEX
ℓ
as boundary conditions.
For the case with external loops, one of the system of equations in Eq. (9) becomes
δE[∇χ]
δ∇χ
+
Nloop∑
ℓ=1
λℓ
δ
δ∇χ
∮
Cℓ
∇χ · dr +
NEX
loop∑
ℓ=1
λEXℓ
δ
δ∇χ
∮
CEX
ℓ
∇χ · dr = 0 (14)
5Recently, we have developed a method for obtain ∇χ without using the above equations.
In this method, the fact that the current density is given by
j = −
δE
δAem
=
2e
~
δE
δ∇χ
(15)
is used.
For the lattice system, it is given by
J j←i =
2e
~
∂E
∂τ j←i
; τ j←i = χ j − χi (16)
where J j←i is the current through the bond between sites i and j in the direction j ← i.
Then, the current conservation at site j is given by
0 = JEXj +
∑
i
2e
~
∂E
∂τ j←i
(17)
where JEX
j
is the external current that enters through site j. These equations replace those in
Eq. (14).
By employing the above equations, the introduction of external loops in the calculation
is not necessary when imposing current feeding boundary conditions. It also facilitates
calculations including the Rashba interaction.
For the lattice system, the number of τ j←i to be evaluated is equal to the number of bonds.
The number of equations in Eq. (10) is equal to the number of plaques of the lattice.
By imposing the conservation of the current at all sites except one, we have
(The number of bonds) = (The number of plaques) + (The number of sites − 1)
(18)
This corresponds to Euler’s theorem for the two-dimensional lattice
(The number of edges) = (The number of faces) + (The number of vertices − 1)
(19)
The reason for the minus one in (The number of sites − 1) in Eq. (18) is due to the fact
that the conservation of the total charge is maintained in the calculation; thus, requiring the
conservation of current for all sites is redundant by one. It is interesting that the mathematical
expression in Eq. (19) can be interpreted in a physical way as those for the number of unknows
and the number of equations in Eqs. (10) and (17).
3. Supercurrent generation by external current feeding
According to the Dirac equation, the spin-orbit interaction is given by
HDiracso = −
e~
4m2c2
σ ·
[
Eem × (p + eAem)
]
(20)
where m is the electron mass, σ the vector of Pauli matrices, Eem is electric field, p the
momentum.
In the present model, the dominant component of Eem is assumed to be perpendicular
to the CuO2 plane (z direction). By neglecting the effect of the magnetic field, we adopt
6Aem = 0. For the case where the SVILC with winding number +1 (−1), the current flows
counterclockwise (clockwise) around the center, thus, the expectation value of p exhibits a
counter-clockwise (clockwise) circular flow. Depending on the spin direction and loop current
direction, the value of the above term changes .
We anticipate the spin is polarized in the CuO2 plane (xy plane) due to a Rashba type spin-
orbit interaction appearing around the holes. Thus, we adopt the following Rashba interaction
Hamiltonian [18] as a model Hamiltonian for the spin-interaction,
Hso=λ
∑
h
[
c
†
h+y↓
ch−x↑−c
†
h+y↑
ch−x↓+i(c
†
h+y↓
ch−x↑+c
†
h+y↑
ch−x↓)
+ c
†
h+x↓
ch−y↑−c
†
h+x↑
ch−y↓+i(c
†
h+x↓
ch−y↑+c
†
h+x↑
ch−y↓)
+ c
†
h−x↓
ch−y↑ − c
†
h−x↑
ch−y↓ + i(c
†
h−x↓
ch−y↑ + c
†
h−x↑
ch−y↓)
+ c
†
h+y↓
ch+x↑ − c
†
h+y↑
ch+x↓ + i(c
†
h+y↓
ch+x↑ + c
†
h+y↑
ch+x↓)
+ h.c.
]
(21)
where h is the site occupied by a hole, h + x ( h − x ) are nearest neighbor sites of h in the x
direction (the −x direction); and h+ y ( h− y ) are nearest neighbor sites of h in the y direction
(the −y direction).
In the above Hamiltonian, we have assumed that the Rashba interaction is significant
only around the holes with the internal electric field in the direction perpendicular to the CuO2
plane; the electric field is generated by the positive charge of the hole and the compensating
charge due to dopant atoms in the charge reservoir layer, and the major component of it is
assumed in the direction perpendicular to the CuO2 plane since it is expected that the doped
hole is more stable in the position of the CuO2 plane close to the dopant atoms (for example, Sr
for La2−xSrxCuO4). The internal electric field created this way will exist even for the cuprates
whose parent compounds have a mirror symmetry with respect to the CuO2 plane since the
substituted atoms break the local symmetry around the small polaron. However, the direction
of the internal electric field may change either upwards or downwards, locally, with respect
to the CuO2 plane. In the present work, we only consider the case where the direction of the
internal electric field around the holes is upwards throughout the sample.
The results of the Rashba spin-orbit interaction energy dependence of the external
feeding current is depicted in Fig. 1. The Hamiltonian used in these calculations is the same
one we used in our previous work [17]. The parameter λ is taken to be λ = 0.01t, where t is the
nearest neighbor hopping integral. It is remarkable that the energy minima occur at nonzero
external current feeding. We can identify this current as supercurrent of superconductivity.
The energy minima become at zero external-current when the Rashba interaction is absent.
Thus, the Rashba interaction is a necessary ingredient for this supercurrent generation.
4. Possible explanation for the appearance of 8a charge ordered state in the cuprate
vortex halo
As shown in Fig. 1 the the magnitude of supercurrent in (a2), (b2), (c2), depends on the
SVILC pattern shown in (a3), (b3), (c3). This means that each supercurrent has its own
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Figure 1. (Color online) (a1) Spin-vortices for the system with six 4 × 6 spin-vortex quartets
in the units of CuO2 plane lattice constant. ‘M’ and ‘A’ indicates spin-vortices with winding
numbers+1 and −1, respectively. (a2) The Rashba spin-orbit interaction energy vs the external
feeding current JEX. The units of energy is t, and current is et/~, where t is the nearest
neighbor hopping integral. (a3) The energy minimizing SVILC pattern for (a1) spin-vortex
configuration. ‘m’ and ‘a’ indicates SVILCs with winding numbers +1 and −1, respectively.
Green arrows indicate external current feeding. Each arrows indicating JEX flow-in or flow-
out. (b1)-(b3), the same as (a1)-(a3) but for the system with four 4 × 6 spin-vortex quartets,
one 4×8 spin-vortex quartet, and one 4×4 spin-vortex quartet. (c1)-(c3), the same as (a1)-(a3)
but for the system with two 4 × 6 spin-vortex quartets, two 4× 8 spin-vortex quartets, two one
4 × 4 spin-vortex quartets. 4 × 6 spin-vortex quartets is indicated in (a3), and 4 × 8 and 4 × 4
spin-vortex quartets are indicated in (b3).
SVILC pattern. The lowest energy SVILC pattern among the three is the one in (a3) that is
composed of 4×6 spin-vortex quartets (a spin-vortex quartet is a stable unit composed of four
spin-vortices and four SVILCs) [17]. When some of 4 × 6 spin-vortex quartets are replaced
by 4 × 8 and 4 × 4 spin-vortex quartets, the magnitude of the supercurrent increases as shown
in (b2) and (c2) compared with (a2). Actually, it is indicated in our previous work that 4 × 8
and 4 × 4 spin-vortex quartets may become more favorable in the current flowing situation by
the energy gain from the Rashba interaction [17].
Recently, clear evidence of the appearance of 8a charge order was observed in the cuprate
8vortex halo [16]. This may be attributed to the change of SVILC pattern due to the presence
of the magnetic-field-screening current (the Meissner current). This SVILC pattern change
will involve the transformation from the 4 × 6 tiling to 4 × 8 tiling. Thus, 8a charge ordered
will be enhanced as is observed in the experiment. It also reduces 6a charge order, which is
not confirmed, but may be found if the experimental results is reexamined.
5. Concluding remarks
Recent developments in condensed matter physics theory point to a necessity for
reformulating supercurrent generation mechanism in superconductors. The first impetus
comes from a misfit that exists between the experimentally observed ac Josephson effect
and the Josephson’s prediction [1, 19]. Actually, there is a significant difference in
boundary conditions between the Josephson’s derivation and the experiment. The Josephson’s
derivation assumes a simple appearance of a dc voltage across the Josephson junction;
however, a dc voltage does not appear by a simple application of a dc voltage; instead, when
a dc voltage is applied, a dc Josephson effect takes over, resulting in a zero voltage across
the junction. In other words, an electric power source connected to the Josephson junction
actually acts as a current source.
In the experimental situation where a finite voltage exists, there also exist a radiation
field and a dc current flow. In this situation, there are two contributions; one from the
chemical potential difference between the leads connected to the junction, and the other from
the electric field in the non-superconducting region between the two superconductors in the
junction. Josephson’s derivation takes into account only one of them. The two contributions
are equal due to the balance between the voltage and chemical potential difference. By taking
into account the two contributions and also the fact that the observed voltage quantization is
in the units of
h f
2e
, where f is the frequency of the radiation field present, the charge on the
carriers should be q = −e [1, 19]. This indicates that the electron pairing is not the true cause
of the supercurrent generation, although the pairing energy gap formation temperature is the
superconducting transition temperature for many superconductors (but not for cuprates).
As is described in this work and our previous works, stable current carrying states
can be generated when spin-twisting circular motion of electrons occurs. Especially, when
the Rashba spin-orbit interaction exists, non-zero current feeding state exhibits an energy
minimum; in this situation, persistent current flows through the system without voltage
drop. This persistent current can be regarded as supercurrent, thus, the system is in the
superconducting state.
Note that it has been shown that spin-twisting circular motion of electrons also occurs
in the BCS superconductors if the Rashaba interaction and magnetic field are present [5].
It occurs due to the fact that the Rashba interaction modifies the electron pairing from the
original BCS one to the pairing of spin-twisting cyclotron motion states in the region where
the magnetic field is present. Thus, it is suggested that the occurrence of the spin-twisting
itinerant electron motion may be the most important ingredient of superconductivity. Such a
motion gives rise to the Dirac string with π flux. Then, the energy minimizing wave function
9becomes multi-valued function with respect to electron coordinates and the legitimate single-
valued ground state wave function is given as a product of the energy minimizing multi-
valued wave function and a U(1) phase factor that compensates the multi-valuedness of the
former. This phase factor provides a U(1) instanton, explaining the flux quantization and
voltage quantization as topological effects [20].
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